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ABSTRACT

The parameterization scheme devised by the author in a previous study has been extended to include both
deep cumulus convection and shallow convection and a more rigorous derivation is given, In this scheme,
the amounts and the vertical distributions of the latent heat released and the sensible heat transported by
the deep cumulus are expressed solely in terms of the temperature difference between the cloud and the
environment and the convergence of moisture produced by the large-scale flow. It is shown that the often
stressed heating by compression in the descending region is automatically taken into consideration in this
formulation. A comparison between the calculated results and the observational data of Reed and Recker
for the composite easterly wave show that they are in good agreement in the regions of low-level convergence.

A separate scheme is devised from the energy equations to represent the transports of heat and moisture
by the shallow convection maintained by the thermal boundary layer.

1. Introduction

It is well known that many of the large-scale disturb-
ances in the tropical atmosphere are driven by the re-
lease of latent heat and that the release of latent heat in
these large-scale systems takes place mostly in deep
_ cumulus towers and cumulonimbi. Since the horizontal
scale of cumulus clouds is many orders of magnitude
smaller than the grid scale used in representing large-
and mesoscale flows, the influence of the small-scale con-
vective motions can only be incorporated in the large-
scale equations parametrically. The parameterization
scheme devised by the author about a decade ago (Kuo,
1965) was based on a non-steady deep cumulus model,
using the temperature difference between the cumulus
cloud and the undisturbed environment and the large-
scale convergence of moisture as indicators, while the
schemes developed by Ooyama (1971), Arakawa (1971)
and Yanai (1971) used the vertical mass transport as the
representative variable. The relationships between these
schemes and my old scheme have been discussed by
Fraedrich (1973).

As the main theme of my aforementioned paper was
hurricane modelling, only the essense of this param-
eterization scheme was described in that paper and no
detailed derivation was given. As a consequence of this
brevity, many misunderstandings have arisen about
this parameterization scheme. One of these is the notion
that it has neglected the heating of the slowly descend-
ing environment by adiabatic compression; another is
on the reality of the horizontal mixing process invoked
in the scheme. The purpose of this paper is to present a
rigorous derivation of this parameterization scheme and

to show that both the adiabatic heating of the de-
scending branch and the adiabatic cooling of the ascend-
ing branch of the convective cell have been taken into
consideration. It will also be shown that the horizontal
mixing mechanism is achieved simply by the horizontal
averaging of the randomly distributed convective ele-
ments over the representative area of the large-scale
system, even though vigorous horizontal mixing will
undoubtedly also be accomplished physically by these
randomly distributed and ever-changing convection
cells. In addition, I shall also extend the scheme to in-
clude the effects of the smali-scale convective motion
on the vertical sensible heat and momentum transfers.

It is evident that different problems demand different
parameterization schemes. For simplicity, I shall clas-
sify the cumulus convections into two different cate-
gories and treat them separately; namely, 1) deep cum-
ulus towers and cumulonimbi, and 2) shallow and
mostly non-precipitating cumuli. The cumulus towers
are considered as occurring only in areas of large-scale
convergence and conditional instability in a deep layer
of the lower troposphere, while shallow convection is
considered as controlled by the heat and moisture sup-
plies at the surface. Different formulas are derived in
Sections 3 and 4 to represent the influences of convec-

tion for these two different types of convection on the
large-scale flow.

2. Equations for the large-scale system and
problems of parameterization

To clarify the essential points of the parameteriza-
tion problem, we consider that the large-scale flow var-
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iables are represented by a horizontal grid system with
grid length éx=08y=A, and a time interval 8¢. The value
of the large-scale flow variable X;; at any grid point can
then be taken as representing the average of X over the
area 4 = A% centered at this point, while the actual value
of X is given by the sum of the average value and the
departure, viz.

1
x=x+x, >'c=—/ xdA, x%'=0. (2.1)
A J4

The grid area A4 is taken as much larger than the area
occupied by a single small-scale system such as a cumu-
lus cloud and its surrounding descending region such
that a large number of cloud cells are included in A.
The exact location and time of occurrence of the indi-
vidual cells are considered as unknown from the large-
scale point of view, and a random distribution in space
A and time 6¢ can be assumed such that their average
transport of sensible heat and release of latent heat in 4
and during the time interval 8¢ are taken as determinable
from the large-scale flow variables. The last point
mentioned above is a necessary requirement for the
feasibility of a parametric representation of the net
influence of small-scale cumulus convection and other
subgrid-scale processes on the large-scale system.

Thus, the equations for the potential temperature 6,
the water vapor mixing ratio ¢, and the horizontal ve-
locity V of the large-scale system can be written in (x,
v, p, t) coordinates as

o L_ Lr_ 0w  ___
——Qp——C=—C*%— —-V-Ve, (2.2)
dt C, G, ap
ag  _ _ 6:771’ —_—
—+C—Ty=—C*— -V-V¢, (23)
dt ap
d’v _ ’ ’ -
—+ kX V+Vd—F=—o=-V".VV, (2.4)
dt ap

where €' and C* are the condensation rates produced by
the large-scale motions and by the subgrid-scale con-
vective motions, respectively, L is the latent heat of
condensation, Q, the heating rate by radiation and tur-
ulent diffusion, 7°, and F the rates of turbulent diffu-
sion of moisture and momentum, and d/d¢ the rate of
change observed by following the large-scale flow, viz.

]

a
dt ap
and «=(P/p)®/¢?, The other symbols have their usual
meanings. Here we have put all the contributions from
the subgrid-scale flows to the right-hand side of the
equations. Since the hydrostatic equation and conti-
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nuity equation are not altered by the presence of the
subgrid-scale flow, they need not be considered in the
present consideration.

For simplicity, we shall assume that the horizontal
transports by the eddies can be represented by horizon-
tal diffusion in terms of the large-scale variables, i.e.,

V-Vix'=V-(KyV%), (2.5)
where K, is the horizontal eddy diffusion coefficient for
the quantity X. Then the last terms on the right-hand
sides of Eqs. (2.2)~(2.4) can be taken as included in the
Q-, T, and F terms of these equations and hence can be
omitted from the present consideration.

According to the equations given above, our param-
eterization problem for large-scale flow is simply to
strive to find expressions for the statistical contributions
to the rate of latent heat release and vertical transports
of sensible heat, moisture and horizontal momentum by
the subscale convective motions in terms of the large-
scale variables, and in doing so, there is really no need
to concern ourselves with the detailed behavior of the
individual convective eddy elements such as the indi-
vidual cloud and its environment.

To simplify our problem, we shall assume that the
statistical influence of a family of clouds of different
forms and sizes can be represented by a family of model
clouds and their environments, distributed randomly in
the large-scale grid area 4. We can then simply con-
sider their influences in a unit area. Assuming that at
any given moment the active clouds, including their
strongly descending parts, occupy the fractional area a,
while their environments occupy the fractional area
(1—a), and denoting the flow variables in the active
cloud regions by letters with a subscript ¢ and those in
the surrounding regions by letters with a subscript d, we
then have

x=(1—a)Xa+ax,, (2.6)

where X stands for either w, V, 6 or ¢. In addition, we
also have

X =Xc—X= (l—a)(Xc—Xd); (273)

Xd =Xa—X= — (xc—%). (2.70)

(1-a)

Therefore, the average vertical eddy transport of X can
be expressed in terms of w,'X,” alone, viz.

- a
wix/= (1 _a)deXd"*"awc,XcI: wc,Xcl;
—a

(wc—‘:’)(Xc_i()- (28)

T (1—a)

Thus, the vertical transport terms can be calculated
when w, and X, have been obtained from the model of
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cumulus convection in terms of the large-scale flow
variables, )

We point out again that our w, represents the mean
vertical velocity of the whole active cloud, including its
strongly descending part, and hence it is generally much
smaller than the vertical velocity of the ascending part
alone, but is much larger than a.

Eq. (2.2) indicates that the influence of the convec-
tive motions on the large-scale temperature distribu-
tion is through the release of latent heat and the mean
vertical eddy transport of sensible heat, and not through
heating by adiabatic compression, as is often pro-
claimed. Even though this last mentioned influence is
important for the temperature change in the descending
branch of the convection cell, it is almost cancelled by
the cooling by expansion in the ascending region. With
the defmition of the large-scale mean value given by
(2.1) or (2.6), the net effect of these two adiabatic
changes is represented by the mean vertical advection
term in df/dt. To show this more clearly, we write the
heat equation for the ascending and the descending re-
gions separately. For convenience, we shall omit the
influences of the horizontal advection and the vertical
eddy transfer of heat from the present consideration
and use, 96.,/8¢ and 9641/ 9t to represent the temperature
changes brought about by the release of latent heat and
by the adiabatic expansion and adiabatic compression
only. We then have

981 a9
+w—=Q., (2.9a)
at ap
0041 a0
—Fws—=0, (2.9b)
dt ap

where Q. is the latent heat heating effect in the cumulus
region. On multiplying (2.9a) by ¢ and (2.9b) by (1—a)
and taking the sum, we find that
a6 b L _
—Fo—=aQ,=—C*r.
a  ap Cp

Thus, the influences of the adiabatic heating and cooling
by compression and expansion in the descending and the
ascending regions are automatically represented by the
mean vertical advection term in this equation, and
hence they need not be considered separately. In fact,
if the convective velocities are defined as yielding no
net upward mass transport, then those influences cancel
each other exactly and will not affect the mean temper-
ature. Thus, the influences exerted by the subscale
convective motions on the mean temperature are due
to the latent heat release and the vertical eddy trans-
port of sensible heat. Notice that the latent heat re-
leased tends to heat up the atmosphere at every level
in the whole region of convection, while the eddy ver-
tical transport of sensible heat only tends to redistribute
the temperature with height.

(2.10)
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For simplicity, we shall classify the convective mo-
tions roughly into two different categories: 1) cumulus
towers controlled by low-level convergence and 2)
shallow cumulus convection and dry convection. The
contributions of these two different types of convective
motions to the large-scale flow shall be treated sepa-
rately in the flowing sections.

3. Parameterization of deep cumulus convection
controlied by low-level convergence

Deep cumulus towers and cumulonimbi appear to be
definitely associated with a deep conditionally unstable
layer and the presence of large-scale convergence (Riehl,
1950; Riehl and Malkus, 1961). The former of these two
conditions makes it possible for huge cumuli to pene-
trate into the upper troposphere and the lower strato-
sphere, while the latter condition provides a general lift-
ing mechanism to trigger the convective instability. The
parameterization scheme previously devised by the au-
thor (Kuo, 1965) is specifically aimed at this kind of
cumulus convection, using the difference between the
temperature T'. of the active cloud core and that of the
undisturbed environment, T, as one representative
parameter. Here I shall re-derive this formula from a
somewhat simpler and more direct consideration and
also take into consideration the vertical transport of:
sensible heat by the convective motion. The applica-
bility of this scheme can be summarized by the following
conditions: '

D1DxA8>C,
—Towp> 3 (Ps '—Pc>,

where Af, is the maximum difference of the equivalent
potential temperature in the conditionally unstable
layer, D, the depth of this layer, D, the height difference
between the level where 6, is minimum to the level above
when 6, is equal to its maximum below, and C, a critical
value of the product on the left side of (3.1a), whose
value can be determined empirically ; 7o is the period of
the large-scale flow, p,— p, the lift needed for the surface
air at the level p, to become saturated, and & the max-
imum low-level p-velocity, which we shall take as that
at the 900-mb level. Here condition (3.1a) ensures that
the instability is sufficient to support the penetrative
deep convection, while condition (3.1b) ensures that
this instability will be activated by the large-scale flow.

As in the author’s earlier work, we shall use the net
convergence of moisture into the vertical column of air
of unit cross section produced by the large-scale flow
and by evaporation from the ground as one fundamental
parameter. Denoting this quantity by M, we then have

(3.1a)
(3.1b)

1 Ps _
Mt= __/ (V'VQ)dP+P0CD'VO(Qg—‘QO), (3.2)
gJo

where ¢, is the value of ¢ at the surface, go is that at a
nearby level, and Cp is the drag coefficient.
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We assume that a fraction (1—b) of the total conver-
gence of moisture M, is condensed and either precipi-
tated out as rain or carried away, while the remaining
fraction & of M, is stored in the air to increase the humid-
ity, including the influence of evaporation of condensed
water. That is to say, we have

[precipitated or carried
M=(01-0)M t{away part of the mois- (3.2a)
ture convergence |
1 r»9q
—/ —dp=bM.. (3.2b)
g0 a¢

We expect b to be much smaller than 1 in the regions of
low-level convergence in the tropics. The vertical dis-
tribution of this part is given by (g.—7).

With the total precipitation rate M in the area as
known from the large-scale convergence of ¢, we can
now write the rate of the release of latent heat by deep
cumulus convection (¢Q.) formally as

g(1—b)L
=M, N
Copopy T

where N(p) is the vertical distribution function of Q.
which satisfies the condition

(3.3)

¢

/ N(p)dp=po—pu. (3.3a)

Now we shall express N(p) and w, in terms of the
temperature departure 8,/ =6,—87] by making use of
the heat equation and the notion of the life-span of the
individual convection cell. Thus, in consistency with
the assumption that the cross section of deep cumuli is
almost independent of height so that the net vertical
mass flux is negligible, we can take Q. as given by

L /g,
Qc= _'—wc( ) )
Cp \Op /et

where (8¢./dp).s represents the effective gradient of the
mixing ratio in the whole convective layer, which may
be taken as equal to that of the conditionally unstable
layer. Substituting this expression of Q. in (2.9a), we

then have
96,1 a0,
= ——wc ———) y
ot aﬁ of

where (96./9p).: is the effective lapse rate of the equiva-
lent potential temperature.

According to observational studies (see Byers and
Braham, 1949), all cumulus convection cells go through
life cycles of growth and decay. The average life-span
of the deep convection cells is of the order of 1 hr. Let

(3.4)

(3.5)
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us denote this average half-life by 7. Then the average
rate of change of the temperature of the cumulus cloud
from inception to maturity can be represented by

(3.6)
a T

where 6.; is the potential temperature in the mature
cloud and # the potential temperature of the undis-
turbed large-scale environment.

Equating this expression of 96.:/9¢ to that in (3.5),
we then find

(6.—6)

W= .
00,

)

. 6;17 ef

Substituting this w, in (3.5) we find that eQ. in
(2.92) can be written as

aQ.=K(0,~—0),

al [ Aq
(),
7Cp \Af,
where Ag and Ag, are the increments of mixing ratio and
equivalent potential temperature in the conditionally
unstable layer.
Now, the amount of moisture needed to create a deep

cumulus of area ¢ and pressure depth (ppy—p:) with
temperature 7', and saturation mixing ratio g,(T%.) is

(3.7

(3.8)
where

(3.8a)

a Py Cp —
air,= [ [-(Tc—z’)ws—q]dp. (3.9)
gy LL

This must be supplied by the large-scale convergence of
moisture in time r. Hence we have

aMc=~th. (3.10)
Thus, the fractional area occupied by the deep cumulus
cloud can be determined by the ratio M,/M, and the
half-life 7 of the cloud. Using this relation in (3.8a) we
then find

LML Ag

K= . (3.8a2%)
CM . A8,

This relation shows that the coefficient K in (3.8) is
determined by the large-scale flow and the large-scale
parameters and is independent of the small-scale vari-
ables. Further, since K is independent of p, Eq. (3.8)
shows that (), is proportional to the difference between
the potential temperature 8. of the cumulus cloud and
the mean value 8 at the level in question. Therefore, the
vertical distribution function N (p) in Eq. (3.3) is equal
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Fic. 1. Distribution of the latent heat Q. released by deep

cumulus clouds in the trough region (category 4) of the composite

easterly waves: curve 1, calculated with zero entrainment; curve

2, calculated with v;=2; curve 2*, a slight modification of 2;
curve 3, from Reed and Recker’s observations.

to the ratio between (§.—8) and its mean value, viz.
g(1—b)LM, (0.—8)r
Cp(pb—?l) <0c'—'0> :

_g(1—~b)LML (T—T)r
Colpr—p) (To—T)"

(3.11)

where the angle brackets represents the average over '

the depth of the cloud, i.e., from the cloud top p=p. to
the cloud base p=p,. Since (8.—8) can be determined
more easily and more accurately than the coefficient K
in (3.8a*), Eq. (3.11) is more convenient than Eq. (3.8).
_ The relations between this parameterization scheme

of aQ. and those given by Arakawa (1971), Ooyama
(1971) and Yanai (1971) have been discussed by Fraed-
rich (1973).

Since this part of the parameterization is concerned
with deep cumulus convection for which the influence of
entrainment is relatively insignificant, the temperature
T, of the cloud can be taken as given by the temperature
T, of the moist adiabat through the condensation level
of the representative surface layer as a first approxima-
tion. The influence of entrainment on T, can readily be
taken into consideration either by the employment of
some simple empirical formula or by the use of a simple
entrainment model. Thus, it is reasonable to assume
that the rate of entrainment increases with w such that
the influence of entrainment on 7°. can be taken as
proportional to the integral of certain power of (ps—p)
multlphed by T. For simplicity, we shall take T, —T

‘as given by
J ¥iT
[ida(-) T
J Po

where the summation is over the different types of tall

T.~T= (3.12)
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cumulus represented by the index j, a; is a constant
determined by the vertical extent of the particular type
of tall cumulus, and v; is another constant which is most
probably greater than 2. When no entrainment is taking
place, all ; are zero. For the deep cumuli, the influence
of the entrainment term is usually small except at high
levels. Cumulus clouds with different base levels will
not be considered because they rarely occur. The cloud
top is assumed to be at the level p, where T, equals 7.

The parameterization formulas (3.11) and (3.12)
have been tested with Reed and Recker’s (1971) obser-
vational data for the regions 3, 4 and 5 of the composite
easterly waves for which low-level convergence pre-
vails; the results for the trough region 4 are represented
in Fig. 1. Curve 1 is given by the no-entrainment version
for one type of cloud only!, and curve 2 corresponds to
one type of cloud with an entrainment factor y,=2.
and an « value corresponding to Q=0 at the 950- and
150-mb levels; curve 2* represents a modification of
curve 2 by allowing the buoyant cloud to reach the
100-mb level. It is seen that these results are in very
good agreement with the observed values below the
400-mb level. Since the observations are not very ac-
curately determined above this level, it does not seem
advisable to introduce more complicated cloud ensem-
bles to bring the computed results into still better agree-
ment with the observations. Calculations from the zero
and nonzero entrainment, versions of (3.11) and (3.12)
have also been carried out for the other regions and it is
found that the calculated results are in good agreement
with the observations for all the convergence-dominated
regions (3, 4, 5) but bear little relation with the obser-
vations for the divergence-dominated regions (1, 6, 7, 8)
just as was expected.

The factor b in (3.11) is much smaller than 1 in all
the regions 3, 4 and 5, just as we have predicted. A
similar conclusion has also been arrived at by Betts
(1973) from his observational studies over Venezuela.
Thus, it appears safe to assume & to be much smaller
than 1 in the regions of low-level convergence in the
tropics, which implies that all the moisture convergence
brought about by the large-scale flow is precipitated as
rain.

Eq. (3.12) can also be used to represent the hori-
zontal momentum departure (V.—V) and the specific
humidity departure (g.—q) if T., T and T, are replaced
by V., V and V; or by ¢., § and g, respectively, where
V. and g, are the values of V and ¢ in the surface layer.

By using the formula (3.12) for the perturbation
quantity X,” and (3.7) for w, and neglecting & as com-
pared to w., we find that the vertical eddy transports of
sensible heat, horizontal momentum and specific humid-

1 This curve was obtained from (3.11) and the observed tem-
perature profile by Dr. H. R. Cho. I would like to express my
gratitude to him for allowing me use of this curve here.
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ity can all be calculated by the equation:
- M., (6,—6)
X' = Gee—%),  (3.13)

(1—a)M, (60
3;)91‘

where X represents either 6, g or V.

According to this formula and Egs. (3.11) and (3.9),
the net vertical flux of sensible heat produced by the
deep cumulus convection is given by

09 M, [O0\"'d
_ .__.__(__> (3.14a)

_"(06’—5)2;
ap (1—a)M N\dp/e dp

B 2aQ.C{0.—8)
(1=a)(1=b)}{[Co(T:—T)+L(g:—7) ]

1 AN R
x(=) ~o-.
9p/ et P
Since (§.—08)* has its maximum at the mid-level of the
cloud layer (ps—p.), Eq. (3.14a) indicates that the in-
fluence of this sensible heat transport is to warm the
upper portion and to cool the lower portion of this layer.
But since C(T.—T) is much smaller than L{g,—q)
and 8(9.—8)/3p is smaller than (88/3p)e;, this term
is much smaller than aQ.. Therefore, the thermal in-
fluence of deep cumulus convection is given mainly by
aQ). in (3.11), while the sensible heat transport is only

to shift the maximum heating rate to a slightly higher
altitude.

(3.14b)

4. Parameterization of the dry and shallow cumulus
convection

Observations show that in the layer from the surface
to 10 or 100 m the lapse rate is superadiabatic over the
land during the day when the sky is not overcast, and
over the warm oceans both during the day and during
the night. Above this relatively thin superadiabatic sur-
face layer is the well-mixed layer with a lapse rate very
close to the adiabatic, while above this mixed layer
atmospheric stability increases rapidly with height (oc-
casionally to the point where a temperature inversion
occurs), and the humidity drops sharply. The depth of
this mixed layer changes prominently during the day
over the land, reaching its maximum of from 1000 to
2000 m around 1300 local time (Kuo, 1968; Vul’fson,
1961), whereas over the tropical oceans it changes only
slightly and is of the order of 500 m (Malkus, 1958;
Donelan and Miyake, 1973). When no synoptic-scale
low-level convergence is present, only shallow cumulus
occur above this mixed layer.

It is well known that vigorous convection creates
complete mixing and a near-adiabatic lapse rate above
the thin superadiabatic and warm surface layer (Kuo,
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Fic. 2. Linear solutions of cellular convection equations for a
superadiabatic surface layer topped by a deep stable layer. Left,
schematic illustration of the influence of the vigorous convection
on the mean potential temperature; middle, variations of the
amplitudes of w and 0 and the heat flux %@ with height.

1961 ; Deardorff and Willis, 1967) ; hence, the existence
of the mixed layer can be attributed directly to the
convection. The large stability that exists on top of the
mixed layer can also be explained since convection from
the hot surface tends to heat the middle portion and
cool the top and the bottom portions of the convective
layer, as is illustrated by the solutions of the linearized
convection equations in Fig. 2.

It seems evident that most of the shallow cumulus are
simply manifestations of the ascending convection cur-
rents sustained by the warm surface that have pene-
trated above the condensation level. These circulations
can be visualized as well-organized convection cells even
though the ascending currents may be composed of
small plumes or bubbles. The observation that some of
the ascending currents enter the cloud base from the
surroundings rather than directly from below can be
explained by the fact that the circulations that produce
the shallow cumuli are better organized convection cells
of larger horizontal dimension as compared to those in
the mixed layer. The uniformity of the height of the
cloud base is a proof that all the ascending currents orig-
inate from the surface layer. Since the lower troposphere
is usually only conditionally unstable and is unsatu-
rated, most of the descending currents will experience
the influence of the stable stratification and hence must
be weaker and broader than the ascending currents,
especially at upper levels.

The depth of the cumulus cloud produced by the con-
vection cell is determined by the temperature excess T
and the vertical velocity w of the ascending current
above the condensation level. If 77 becomes negative
and w vanishes as a result of the stable stratification
above the mixed layer, then only a shallow cumulus can
be produced, whereas if both 77 and w are positive above
the condensation level, then the potential energy of the
conditional instability is made available and the con-
vection develops spontaneously and extends to the level
of the major inversion. These two different situations
are illustrated schematically in Figs. 3a and 3b. Thus,
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F16. 3. Schematic presentation of shallow cumulus convection,
with little penetration in the stable layer, a., and deeper cumulus
convection, with conditional instability activated at upper
levels, b.

according to the analysis presented above, the dry and
shallow cumulus convection over the tropical oceans can
be taken as of the same nature as those over the land
during a clear day, the only difference being that mois-
ture content plays a larger role and the diurnal variation
is less important over the oceans. _

We shall now consider the parametric representation
of the influences of dry and the shallow convection on

the large-scale flow. Assuming that these types of con-

vection are controlled by the surface heat and moisture
fluxes and are unrelated to the large-scale flow, we can
then take the fluxes of sensible heat and latent heat
across the lower surface as the given quantities for the
parameterization problem. Thus, on expressing these
fluxes either in terms of the temperature and humidity
gradients or in terms of the temperature and moisture
differences in accordance with the turbulence theory,
we have

T L ¢
AH=pKr—+—K ;—
9z ¢p O3

=pcDV[<Ts—To)+£<qs~qo>], (4.1)

Cp

where Ky and K, are the eddy diffusion coefficients of
heat and moisture at the surface level, Cp the surface
drag coefficient, V' a representative wind speed and T,
To, g5 and go are the temperatures and mixing ratios at
the surface and of the air above. We may use either one
of these two expressions to represent the surface flux.
The thermodynamic aspect of the parameterization
problem is to express the vertical distribution of this
heat input in terms of the large-scale flow fields.

One way of parametrically expressing the vertical
transports of various quantities by shallow convection
is simply to represent them by a diffusion formula with
an eddy diffusion coefficient depending on the stability,
the height, and the velocity distribution, such as that
proposed by the author (Kuo, 1968) and by Deardorff
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(1972). However, such simple treatments are usually

‘unable to represent convective transports accurately.

" Another way is to make use of the well-established
results on thermal convection in a highly unstable layer;
namely, the layer will be well-mixed by the turbulent
convection such that all the conservative properties for
inviscid and adiabatic flow will be independent of height
in the convective layer. We shall now devise a param-
eterization scheme for shallow convection by the appli-
cation of this principle.

Since the nature of the convection in the layer above
is different from that in the well-mixed layer, we shall
treat the parameterization problems in these two layers
separately and connect them by the partition factor 8
of the total surface heat flux.

a. The well-mixed layer: 2,2 2m, pu<P<Pb

Since no condensation is taking place in this layer,
both the horizontal momentum, the mixing ratio, and
the potential virtual temperature 8,, defined by

0, =T, (P/p)*/%

where T',= (14-0.608¢)T is the virtual temperature, will
remain nearly constant in this well-mixed layer. To ex-
press the temperature changes in this layer in terms of
AH, we assume that a fraction 8 of the heat AH sup-
plied at the boundary during time At is used to compen-
sate the radiational cooling and other heat losses in this
layer. The heat balance equation for this layer can then
be written as

Cp [ ’
BAH=—" / (p/PY®1o7(0.1—0.:)dp
g Joom

C,, »b
_ / (Tuy— T, .2)
g Pm

where 6,;and 6,; are the potential virtual temperatures
before and after the addition of heat, p» and ps are the
pressures at the top and the bottom of this mixed layer,
and T,; and T, are the corresponding virtual tempera-
tures. Here 6,; can be taken as constant throughout this
layer. Thus, if the depth z,—2s (or pp»—pm) and the
fraction 8 are known, 8,7 can be obtained easily for any
heating rate AH. We now assume that the heat flux
convergence at level z in this well-mixed layer is propor-
tional to T,;—T,. Then the vertical distribution of
the sensible and latent heat transported by convection
can be calculated by a formula similar to (3.11), ie.,

(Tos—Twi)

8Q=pAH————,
(Toy—T0)

(4.2a)

where the overbar denotes an average over the depth of
the mixed layer. In case T, is not obtainable from direct
observations, it must then be determined theoretically,
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for example, from the solution of the combined radiation
and turbulent conduction equation.

b. The organized convection above the well-mixed layer

As has been mentioned above, the convection in this
layer can be visualized as in the form of more or less
steady convection cells with their more concentrated
ascending branches originating partly from the surface
layer and partly from the surroundings above the mixed
layer. Even though no satisfactory solution of the non-
linear equations for this case has yet been obtained, we
can make use of the existing solutions of the simplified
and linearized equations such as that represented in
Fig. 2 and the required surface heat transport AH to
determine the various vertical eddy transports.

Another method of calculating the vertical transports
by the convection currents is to make use of a simple
plume-type model, by assuming that the pressure is
hydrostatic and the environment remains undisturbed.
Even though such a model has many obvious short-
comings, it has the advantage of providing a clearer
picture of the ascending current. Thus, we write the
vertical momentum and heat equations for steady axi-
symmetric flow as

duwr Jwr
=rs—puriw?, 4.3)
ar 0z
ousr owsr
—F = —gsw—urisw, (4.4
ar 9z

where s=g(6—80)/8o and s,= 09 Inf,/3z. Here a nonlinear
drag proportional to %%? is added to (4.1) and a non-
linear diffusion proportional to wss* is added to (4.2) to
simulate part of the neglected influences of the environ-
ment on the ascending current. Further, we assume that
w and s have the form

w=w,(2)f(n), s=sc()f (), n=r/R(z), (45)

where w. and s, are the values of w and s at »=0, R(z) is
the radius of the ascending current, and
(1—m?, for 0<n<1
fln)=
0, for n>1

Integrating (4.3) and (4.4) over r from 0 to R and then
multiplying the result from (4.3) by Rw,, we then obtain

(4.5a)

dy 4

d—§+guy= 2H, (4.6)
dH 8 4
;;4‘1—5#3: —ggszyé', (4.7)

where the variables y, H and { are defined by

y=wlR?, H=ws.R?, (———/ Rdz,
%
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Fic. 4. Variations of the temperature perturbation and vertical
velocity with height given by the plume model. Left, shallow
cumuylus convection; right, deeper cumulus convection when the
conditional instability is activated at upper levels. The dashed
curve is the variation of the plume diameter with height.

and zp is the height of the superadiabatic surface layer.
The boundary conditions are

y=v¢, H=H, at {=0, (4.8)

where Hy can be obtained from AH in (4.1); and ¥,
obtained from the following similarity solution valid for
the superadiabatic surface layer with s,=s.0z7%%, and
zero or linear friction:

wo= (2g5:0) %%,

(4.9)

We assume that the area of the ascending current re-
mains independent of height in the unstable and the
neutral layers but increases with height in the stable
layer according to the following mass conservation equa-
tion with a mass entrainment factor a:

$e=2g5,00713,

dR*w,
=aRw,, for s,>0. (4.10)
dz
For convenience, we write this equation as
dR* 2 4dr
— (—— ——>R2=a, (4.10a)
d¢ \3Y d¢

and integrate it together with (4.6) and (4.7).

The results obtained from these equations show
clearly that either when the degree of instability of the -
surface layer is weak or when the distance between the
top of the mixed layer and the condensationlevel islarge,
the ascending current will then not be able to penetrate
far above the condensation level, and therefore only a
thin cloud can be produced. This is illustrated by the
results in Fig. 4a. On the other hand, even a slight in-
crease of the degree of instability or a reduction of the
depth of the intermediate stable layer may allow the
ascending current to gain positive buoyancy above the
condensation level, and thereby develop further spon-
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taneously and create a deeper cumulus cloud. This case
is illustrated by the results in Fig. 4b. Note that here the
temperature and vertical velocity distributions in the
cloud are similar to each other and also similar to that
given in Section 3 for the deep cumulus convection con-
trolled by large-scale convergence; the difference be-
tween this case and the large-scale controlled case is that
here the convections above and below the cloud base
appear o be separated from each other by the inter-
mediate stable layer.

5. Concluding remarks

It has been shown that both the amount and the ver-
tical distribution of the latent heat released by conver-
gence-controlled deep cumulus convection can be calcu-
lated by the formula (3.11) in terms of the moisture
convergence M and the temperature difference (7.~ 1)
between the cloud and the environment, while (7,~7)
itself can be obtained from the relation (3.12), which
also holds for the horizontal momentum and moisture
differences. In addition, the convective vertical velocity
w, itself can be obtained from (3.7), which can then be
used to calculate the vertical transports of sensible heat,
horizontal momentum, moisture and other quantities by
the deep cumuli. When applied to the convergence por-

. tion of the composite wave disturbances in the equa-
torial western Pacific, it is found that the amount and
the vertical distribution of the latent heat released by
deep cumulus clouds as given by these simple formulas
agree well with those obtained by Reed and Recker
(1971) from observations. .

On the other hand, the vertical transport of heat and
moisture produced by shallow cumulus unrelated to the
large-scale convergence are attributed to convection
from the warm surface below the cloud base and calcu-
lated in terms of the heat and moisture fluxes at the
surface by the use of a plume-type model. Here it is
found that the thickness and the strength of the stable
layer just above the convectively mixed surface layer
are the most important factors in determining whether
only a thin or a thicker cumulus will develop under a
given surface condition.

Finally, we point out that a time lag is probably in-
volved between the occurrence of the moisture conver-
gence M ; and the absorption of the latent heat mLC*/c,
=a(, by the large-scale flow, as described by Eq. (2.2),
because time is needed both for the deep cumulus to
develop and for the large-scale flow to adjust to the un-
evenly distributed Q..

Another point worth mentioning is that just above
the cloud base, @ is usually larger than |wg| and hence
a thin layer of cloud will cover the whole mean ascending
region. The latent heat released in this layer can be cal-
culated from & and g. The convergence of moisture used
by € must then be subtracted from M, in (3.10) and
(3.11).
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